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In flow theory the . " s tep"  niethod [1] is  genera l ly  used to solve p rob lemsof  c o m p l e x  loading. The loading process 

is divided into steps, wilhin which the d i f ferent ia l  relations arc replaced hy f in i t e -d i f fe rence  relations.  

Below, a method,  comple te ly  analogous to the method of e las t ic  solHriom in the theory of sma l l e l a s to -p las t i ( ,  de-  

formations [2], is proposed for the ' so lu t ion  of problems in flow theory [1], on the assumption that there is no re laxat ion 
of load at any poin} in the body. 

Consider a body made  of an incompressible  mater ia l  obeying the la~, 

2gdeij = dSij -i- dF ('l') 'gi5 (dT). .  O) . ( l )  

[ 'lie fol lowing notat ion will be used: G is the moduhts of rigidity,  Sij is the stress deviator ,  s i j  is the deformat ion 
tensor, and 17 {s the stress intensi ty:  

r _=:_ t,~.i7 V ; "7 -x7  (~) 

The function F(T) can,  for e x a m p l e ,  be found from a simple tensile rest and, because it is de te rmined  only for 

posit ive T, it can always be represented in the form 

i, (7'): = ~ . .  : _ A..,. (.s'~ .s'~j) ~ , (3) 

For s imple  tension we get 

--- __~ . . . . . . . .  -t, z (4)  3 a e x  = "5x -t- ~ 11,:~ , - "-~ { I IL_,~ . . . . .  .I,,~' ,4:~ 
c ~ : l  " ~ i ~ . ~  , . t . ~ _ i  I - 3('- ':~-i-  I) 2 

Let the surface F i and mass V i forces vary with in('rease in the load parameter  X (wliich may be t ime )  irl such a way 

that there is no re laxa t ion  of load at any point in the body ( d l  " O't~nd Fi and V i can be written in the form 

where Fi (k) and Vi (k) 
the coordinates  only).  

Fi'-:: ~ 1J~(/r ]L' , l i  -\~ij 1"i (/0 Xk" (5)  
k = l  k = I  

are fun('tions of the coordinates only (hel~('elorth all superscripted quanti t ies will be [unctions of 

Since  the re la t ion  be tween the stresses and strains is everywhere  described by the single ana ly t ic  re la t ion ( l ) ,  it is 

only natural  to seek the solution o[ the problem for Ihe stresses in the form 

The hydrostat ic  pressure o is g iven by the re la t ion 

1 t ~ i i ( k ) ~ h .  z='T~u = 7  

Hence  the devia tor  

and 

SO ~ : t j  --~6ii = .~  St j  (k)~k (61i - - K r o n e c k e r  de l t a )  , (7) 
k = l  

SJk) =.: ~ ,fk) _ s(~)bij ~k) i__ ~ (~.) 
. . . .  ' = 3 ,i (~) 

si, s~j F, sd~)~  :E ~j }_] ~n ~ ,  "n 
R ~ I  n - - - I  7 t = 2  

The fol lowing series is obtained for F(T):  

m ~ n - - i  

~i ~ I 

(q) 
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F (T)= Z 1 -~ x~",  z,, = ~ 5] ,  A~ Y~ % : ' - %  . (1o) 
n = 2  ~ = 1  ~'1 J - "  . . + k ~ = n  

Clearly, X n is defined in terms of Sij (k) With k < n. Substituting equations (7) and (10) in equanon (1) and then 
integrar.ing, taking into account the zero initial conditions, we get: 

'1% ~ D I  

k = l  =2 n =2 %n'ii ] },m+l , 01) 

This can be represented in the form 

k = 3  

(12) 

where 
n : k - - 1  

= • E tk ) 
'12~2 

n ~ }  1> = n{} ~) = o. (13) 

We shall introduce the new tensors 

~(k)* __ r (,k) A- ~v (k) ij - - - i i  - - " t i  �9 
n~k--1  

k 
n = 2  

(k) Since Rij : Nij ( k ) -  (1/3)Nii(k)sij ,  

i. e . ,  the tensors ~.. ( "k)*and t] 

(k)* -~ R/} k) (14) 2Gsij : Si~ k) 

N~?)= N,?>= o . (1~) 

= -zj " 3 ij " 

oij (k)* are linked by Hooke's Law for an incompressible material.  

(16) 

In the new notation Eq. (12) assumes the form 

eli = E -ijP(~')*x~ . (17) 
k = l  

By virtue of the fact that the compatibil i ty equations must be fulfilled for any value of X, they must be fulfilled 
for any sij (k)*. Analogously, the equilibrium equations must be fulfilled for any oij(k) 

Oxi + gi(~) : 0 . (18) 

(k) : 
Introducing oij from Eq. (14) we get: 

0 , ( k >  * ONi~ ~) t j  j_ V(k) - - - - _  _ _  (19) 
Oxj Oxj 

zi}k)lj ___ Ft(~), (20) 

Then at the surface of the body we have: 

where lj are the direction cosines of the exterior normal, Introducing Eq. (14), we get: 

zi} k)~ lj ----- F{ (~) -F Ni};0 lj . 

Clearly, it is necessary to solve the elasticity problem for the tensors o..(k)*and (k)* 1] gij 
mass forces 

Fi(k)*=fi@)J-Ni}k)l  P V{@)* = / i ( k )  ON{l'k) 
Oxj ' 

(m) 
respectively. Note that, by virtue of the realizabili ty of equations (18) and (20), for any oij 

- (k) n=~--, [ 0Zn _• Z 
Ox i - -  k ] 

(21) 

in relation to the surface and 

(22) 

(23) 
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'n=k--I 
1 

Nd  zj = T Y, x.r  �9 
t l = 2  

(k) 
are found in terms of solutiotm with an index less than k. llence, the method As it is easy to see, the tensors Ntj 

of successive determinanon" of o.t].(k)" and e.tl.(k)* and hence of oii(k), is possible, since Nij(i) = Nij(~) = 0, for 

oij(1)* = oi j (I) and oij (~*)= (~) with Fi (k) and -( vi(k). We then find oij we have a problem of elasticity F (k)*= vik)*= 
i 

Nij(3) = 1/3 X2Oij (I) and determine oij (3) and eij (s), solving the elasticity problem for the external forces given by 
(22). Now, from Eq. (14) 

~i}a) _ ,, (a)* N (a) 
- - ' i j  - - " i j  ', 

and, knowing oij(3), we find 

t / . .  (~) @ Xa~i{1))an d SO o n ,  

Clearly, Nij (m) is expressed in terms of an elastic solution with an index m - 2  or lower. 

Hence, the problem of complex loading reduces to the successive solution of elasticity problem~ with certain fic- 
titious external forces. As usual, the computations are carried on until the difference between the internal fields for two 
successive elastic problems is sufficiently small. Clearly, in contradistinction to the step method, it is not necessary to 
repeat the entire computation to refine the solution. 

In practical computations, it is possible to limit series (8) to one or two terms, if we take into consideration the 
scatter of experimental data for determining the function F(T). Retaining only one term gives an approximation to the 
curve for simple tension in the form of a cubic parabola. Then X n = na n, and the computations are much simplified. 
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